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We investigate systems of spinless one-dimensional chiral fermions realized, e.g., in the arms of
electronic Mach-Zehnder interferometers, at high energies. Taking into account the curvature of
the fermionic spectrum and a finite interaction range, we find a new scattering mechanism where
high-energy electrons scatter off plasmons (density excitations). This leads to an exponential decay
of the single-particle Green’s function even at zero temperature with an energy-dependent rate. As
a consequence of this electron-plasmon scattering channel, we observe the coherent excitation of a
plasmon wave in the wake of a high-energy electron resulting in the buildup of a monochromatic
sinusoidal density pattern.
PACS numbers: 71.10.Pm,72.15.Nj,71.10.-w
Many-particle physics in one dimension drastically dif-
fers from that in higher dimensions. In higher dimensions
within the scope of Fermi liquid theory, the presence of
interactions between fermions does not change the char-
acter of the elementary low-energy excitations that are
still fermionic. In one dimension this is completely dif-
ferent. Even weak interactions alter the character of the
low-energy excitations. They become bosonic and of col-
lective nature. Recently, however, it has been shown that
1D fermionic systems show Fermi liquid-like behavior at
higher energies if one accounts for the curvature in the
spectrum [1].
In this work we consider the properties of a system
of spinless 1D chiral fermions under the injection of
a high-energy fermion with well-defined energy ε be-
yond the low-energy paradigm. We take into account
the influence of the curvature of the fermionic disper-
sion and a finite-range interaction. In experiments, elec-
trons with well defined energy may be injected via a
quantum dot filter into an integer quantum hall edge
state [2, 3]. Employing these edge channels as the
arms of electronic Mach-Zehnder interferometers [4–8],
for example, one may investigate the decoherence of the
injected electrons as a function of injection energy ε.
In this regard, we analyze the Green’s function (GF)
G>(x, ε) = −i ´ dt eiεt〈ψˆ(x, t)ψˆ†(0, 0)〉 (which, in the
context of MZI’s, is directly related to the interference
contrast [9]), the spectral function A(k, ε) and the den-
sity %(x, t) of the fermionic background in presence of the
high-energy fermion.
Our main observation is the existence of a new scat-
tering mechanism in chiral 1D systems at high energies
due to an interplay of both curvature and finite interac-
tion range. A fermion injected with a high energy such
that it experiences the curvature of the spectrum scatters
off low-energy density excitations, so-called plasmons.
This gives rise to an exponential decay of the GF in the
large distance limit with a nonzero decay rate Γε even
at zero temperature in stark contrast to the low-energy
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Figure 1: (color online) a) High energy fermion injected with
energy ε  qcvF on top of the Fermi sea. Due to the cur-
vature of the dispersion it moves with an energy-dependent
velocity vε ≥ vF b) Sketch of the dispersion relation of the
density excitations of the Luttinger liquid (plasmons) ωq with
the plasmon velocity v˜ (blue line) and the dispersion of the
high-energy fermion linearized in the vicinity of its initial en-
ergy ε (red line). The mode q∗ denotes the intersection point
of the two dispersion relations whose existence is responsi-
ble for momentum and energy conserving scattering between
the injected electron and the plasmons. c) Plot of the decay
rate of the GF [cf. Eq. (3)] for an analytic interaction poten-
tial Uq = 2piαvF e
−(q/qc)2 (dashed line) and a nonanalytic one
Uq = 2piαvF e
−|q/qc| (solid line), respectively (see main text).
case where the asymptotic behavior is algebraic. The ex-
citation of plasmons happens coherently leading to the
buildup of a sinusoidal density pattern in the fermionic
density in the wake of the injected high-energy electron.
At low energies, interacting 1D fermions are described
perfectly well by a linearized spectrum and a subsequent
application of the bosonization technique. Taking into
account curvature one has to employ new methods. Re-
cently, there has been considerable progress in calcu-
lating single-particle properties beyond the low-energy
paradigm [1, 10–14]. In Ref. [11] edge singularities in
the dynamic structure factor were found by performing
a projection scheme in analogy to the X-ray edge sin-
gularity problem. The authors of [12, 13] provided a
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2framework for the calculation of response functions for
pointlike interactions beyond the perturbative regime. In
a combined Bethe Ansatz and tDMRG analysis it was
shown that the edge behavior of the spectral function
is indeed described by X-ray edge type effective Hamil-
tonians and the exact singularity exponents have been
determined [14].
For the calculation of the GF and the spectral function
we employ two different methods that turn out to yield
exactly the same result. On the one hand, we use a phys-
ically transparent semiclassical ansatz whose validity was
proven earlier by comparison to the bosonization result
[9]. This ansatz is naturally extended to include curva-
ture effects. Additionally, we derive an effective Hamilto-
nian for the description of the single-particle properties
by extending the method of Pustilnik et al. [11] to in-
clude the full interaction potential. Based on the latter
approach we also obtain the fermionic density after the
injection of the high-energy electron.
Model and GF. Consider a system of spinless chiral
interacting 1D electrons described by the Hamiltonian
Hˆ =
∑
k
εk : cˆ
†
k cˆk : +
1
2
ˆ
dx dx′ ρˆ(x)U(x− x′)ρˆ(x′)(1)
where ψˆ(x) = 1/
√
L
∑
k e
ikxcˆk and we normal order
the Hamiltonian with respect to the vacuum (indicated
by : . . . :) where all states with k < 0 are occupied
and empty otherwise. We denote the fermionic density
with ρˆ(x) =: ψˆ†(x)ψˆ(x) : and introduce an almost arbi-
trary interaction potential U(x) with a Fourier transform
Uq ≡
´
dx e−iqxU(x). The latter is assumed to be cut-off
beyond some momentum scale qc, and we introduce a di-
mensionless coupling strength α = Uq=0/2pivF . Whereas
the following considerations in principle do not rely on
a particular choice of εk, for simplicity, we deal with a
dispersion relation of positive curvature as in the case
of free fermions and assume a repulsive interaction, i.e.,
α > 0.
It will be shown below that due to the finite interac-
tion range the indistinguishability between the injected
fermion and the Fermi sea at small temperatures is lifted
if the injection energy ε vF qc is sufficiently large. This
allows for the separation of the high- and low-energy de-
grees of freedom, the single fermion propagating ballisti-
cally with the bare velocity vε and the remaining fermions
constituting a Tomonaga-Luttinger liquid, respectively.
The bosonic excitations of the latter evolve according to
the plasmonic dispersion relation ωq = vF q(1+Uq/2pivF )
defining the velocity v˜ = vF (1+α) of the fastest plasmon.
The fermion and the plasmons are coupled via a resid-
ual interaction. Due to the finite interaction range 1/qc
and as long as vF < vε < v˜ there exists an intersection
point q∗ (with ωq∗ = vεq∗) between the plasmonic spec-
trum and the dispersion relation of the single fermion
εk − ε ≈ vε(k− kε) linearized in the vicinity of its initial
energy [see Fig. (1)]. The existence of the intersection
point enables an electron-plasmon scattering mechanism
conserving momentum and energy. This manifests in an
exponential long-distance decay of the GF even at zero
temperature T = 0:
|G>(x, ε)| ∼ x−γεe−Γεx/vε , xqc  1, (2)
with
Γε = 2pi
2 (vε − vF )2
|U ′q∗ |
Θ(v˜ − vε), γε =
[
αvF
v˜ − vε
]2
. (3)
A plot of the decay rate Γε is shown in Fig. (1). The
appearance of the step function Θ in the expression for
Γε mirrors the fact that for vε > v˜ the high-energy elec-
tron is faster than any plasmonic mode such that the in-
tersection point q∗ between the plasmonic and fermionic
dispersion relation vanishes [cf. Fig. (1)]. In the limit of
vanishing curvature, i.e., vε → vF we have Γε → 0 and
a power-law exponent γε → 1, which is independent of
the coupling strength α as found earlier [9]. Increasing
the injection energy such that vε → v˜, the decay rate di-
verges for analytic interaction potentials. In the limit of
large energies, where vε > v˜ and Γε = 0, the GF decays
algebraically for long distances. This decay can be at-
tributed to the Anderson Orthogonality catastrophe [15]
in view of the fact that the GF is the equivalent to the
core hole Green’s function in the X-ray edge singularity
problem. In this context it is remarkable that the expo-
nent γε = ∆n
2 can be related to the screening charge ∆n,
that is the charge displaced in the fermionic background
by the injection of the high-energy fermion. In the re-
mainder of this article, we will sketch the derivation of
Eq. (2) and discuss further quantities such as the spec-
tral function and the density of the fermionic background
after the injection of the high-energy electron.
Semiclassical Ansatz for the GF. Motivated by the
earlier results in Ref. [9] we employ a semiclassical
ansatz for the GF in the limit of large energies ε 
qcvF . After its injection, the electron propagates chi-
rally with its bare velocity vε, thereby experiencing
a fluctuating potential landscape Vˆ (t) =
´
dx′ U(x′ −
vεt)ρˆB(x
′, t) [see also [16]] at its classical position x =
vεt. Here, ρˆB(x, t) is the fermionic density ρˆB(x, t) =
L−1
∑
q>0
√
nq(bˆq,Be
iqx−iωqt + h.c.) [with (nq = qL/2pi)]
of the bath electrons with bosonic operators bˆq,B =
1/
√
nq
∑
k cˆ
†
k,B cˆk+q,B representing the plasmonic excita-
tions evolving according to the plasmonic dispersion ωq.
It is assumed that the non-linearity of the fermionic dis-
persion is small enough such that the velocity of the prop-
agating fermion can be considered as constant and the re-
maining electrons can be treated by means of bosoniza-
tion. Specifically, the change in velocity of an electron
3due to a scattering event with a typical momentum trans-
fer qc has to be small such that qc∂
2εk/∂k
2  ∂εk/∂k
for all momenta k near the Fermi momentum and near
kε. As a consequence of the fluctuating plasmonic quan-
tum bath, the high-energy fermion accumulates a ran-
dom phase and its non-interacting GF is multiplied by
the average value of the corresponding phase factor:
G>(x, ε)
G>0 (x, ε)
=
〈
Tˆ exp
[
−i
ˆ x/vε
0
dt′ Vˆ (t′)
]〉
. (4)
Here, Tˆ denotes the time ordering symbol and G>0 =
−ieikx/vε is the non-interacting GF for ε > 0. Note
that the whole influence of the finite curvature is con-
tained in the energy dependence of vε ≥ vF . Em-
ploying the Gaussian nature of the plasmonic bath it
is possible to express the r.h.s. of Eq. (4) in terms of
the auto-correlation function of the potential fluctuations
〈Vˆ Vˆ 〉ω =
´
dt eiωt〈Vˆ (t)Vˆ (0)〉 (cf. [9]) experienced by the
single electron in its co-moving frame of reference. In
particular, for the modulus of the GF one obtains∣∣∣∣G>G>0
∣∣∣∣ = exp [−ˆ ∞−∞ dω2pi sin
2(ωx/2v)
ω2
〈{Vˆ , Vˆ }〉ω
]
,(5)
where only the symmetrized correlator 〈{Vˆ , Vˆ }〉ω =
〈Vˆ Vˆ 〉ω + 〈Vˆ Vˆ 〉−ω enters. The asymptotic long-distance
decay of the GF in Eq. (7) is governed by the low-
frequency properties of the potential fluctuation spec-
trum 〈{Vˆ , Vˆ }〉ω↓0 = 2piγε|ω|+ 4Γε (here we took T = 0).
It consists of an Ohmic part responsible for the power-law
decay and a constant offset which leads to an exponen-
tial decay of the GF. For intermediate energies where
vF qc  ε but vε = vF , Eq. (4) reproduces exactly the
GF from standard bosonization [9]. Thus, our analysis is
correct within the validity of the bosonization technique.
Effective Hamiltonian. In fact, the semiclassical ansatz
for the GF in Eq. (4) matches precisely the result ob-
tained by an extension of the approach in Ref. [11] to
treat the full interaction potential. There, G>(x, t) is
viewed as an impurity problem related to the X-ray edge
singularity [17] where a scatterer, the injected fermion
in this case, is suddenly switched on. The Hamilto-
nian in Eq. (1) is projected onto two strips of states
that capture the relevant degrees of freedom, an en-
ergy interval around the initial energy ε of the injected
high-energy fermion labeled by ε and an energy window
around the Fermi energy labeled by an index B. Un-
der this projection, the fermionic field decomposes into
ψˆ(x) → ψˆB(x) + eikεxψˆε(x). Linearizing the dispersion
relations within both strips of states, the Hamiltonian
of the low-energy sector can be bosonized. Regarding
correlation functions involving at most one high-energy
electron one obtains:
H =
∑
q>0
ωqb
†
q,Bbq,B +
ˆ
dx ψˆ†ε(x)(ε− ivε∂x)ψˆε(x)
0
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Figure 2: (color online) Spectral function A(k, ε) for different
velocities vε of the high-energy fermion where δv = (vε −
vF )/vF . For these plots we have chosen an analytic potential
Uq = 2pivFα exp[−(q/qc)2] with α = 0.2.
+
ˆ
dxdx′ρˆB(x)U(x− x′)ψˆ†ε(x′)ψˆε(x′). (6)
In the derivation of this effective Hamiltonian a contri-
bution proportional to Ukε has been neglected as kε  qc
and Uq rapidly decays for q  qc by assumption. The
omitted term is responsible for exchange processes be-
tween the high- and low-energy sector lifting the dis-
tinguishability between the high-energy fermion and the
low-energy degrees of freedom. In Eq. (6) a constant
Fock shift U(x = 0)Nˆε/2 is omitted which drops out au-
tomatically if we take as a starting point the Coulomb
interaction instead of the density-density interaction in
Eq. (1). The Hamiltonian in Eq. (6) can be diagonal-
ized by means of the unitary transformation Uˆ = exp(Sˆ)
where Sˆ =
´
dxψˆε(x)ψˆε(x)
∑
q>0 χq[bˆ
†
q,Be
−iqx − H.c.]
with χq = 2piUq/(Uq − 2pi(vε − vF ))√nq. From Eq. (6),
one can calculate the golden rule rate for the excitation
of plasmons by the high-energy fermion. It matches pre-
cisely the decay rate determining the exponential decay
of the GF in Eq. (3).
Spectral function. The spectral function A(k, ε) is con-
nected to the GF via A(k, ε) = i/(2pi)
´
dx e−ikxG>(x, ε)
( > 0 and T = 0). It behaves qualitatively dif-
ferent whether the exponent γε appearing in the large
distance behavior of the GF is bigger or smaller than
one. Remarkably, this property is not connected to
the distinction between vε ≶ v˜ that determines the
threshold between exponential and algebraic large dis-
tance behavior for the GF. For γε < 1 or equivalently
δv = (vε − vF )/vF > 2α, the spectral function shows a
power-law singularity together with a threshold behavior
for k → κε + kε
A(k, ε) ∼ sin(γεpi/2) (k − κε − kε)γε−1 θ (k − κε − kε)(7)
where κε = v
−1
ε µε and µε =
´∞
0
dq(Uq/2pi)
2/(vε − vF −
Uq/2pi) denotes the energy that is needed to overcome
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Figure 3: (color online) The fermionic density %(x, t) in the
co-moving frame of the high-energy electron injected at time
t = 0. The period x∗ of the oscillations is given by x∗ = 2pi/q∗.
For this plot we have chosen the same potential Uq as in Fig.
2 and δv = 0.5α.
the Coulomb interaction while injecting an electron with
energy ε. In Fig. (2), the curve with δv = 2.1α shows the
spectral function with a power law singularity according
to Eq. (7). Note that the support of the spectral function,
A(k, ε) 6= 0 only for ε + µε < εk, is exactly opposite to
the low-energy Tomonaga-Luttinger Liquid case where
A(ε, k) 6= 0 only for ε+µε > εk. This is a consequence of
the condition vε > v˜ implying that an electron with wave
vector k can excite plasmonic modes only by reducing
the energy in the system [see Fig. 1]. In the limit ε→∞
where γε → 0, one recovers the free particle, a δ-function
in the spectrum as limη→0 η|x|η−1/2 = δ(x). As shown
in Ref. [18] this is not the case for a linearized dispersion
even in the limit ε→∞.
For γε > 1, i.e. vF < vε < 2v˜ − vF , the spectrum
changes drastically. The singularity vanishes and the
spectral function merely becomes a skew Gaussian, com-
pare Fig. (2). In the regime γε > 1 the GF, that is the
Fourier transform of A(k, ε), is dominated by its initial
Gaussian decay due to strong dephasing by the plasmonic
background fluctuations. Thus, the spectrum itself is also
dominated by the incoherent background such that no
well-defined quasiparticle peak is visible in spite of the
exponential decay of the GF. In the limit vε → vF and
for a potential Uq with a sharp cutoff at qc, one recovers
the result by Ref. [18] as indicated in Fig. (2).
Coherent emission of plasmon waves. In order to in-
vestigate the influence of the electron-plasmon scattering
mechanism onto the fermionic background, we analyze
the fermionic density of the bath
%(x, t) = N〈ψ0|ψˆε(0)ρˆB(x, t)ψˆ†ε(0)|ψ0〉 (8)
in the presence of the high-energy electron. Here, |ψ0〉 is
the ground state of the Hamiltonian in Eq. (6) without
the high-energy fermion and N = 〈ψ0|ψˆε(0)ψˆ†ε(0)|ψ0〉−1
a normalization constant. In the parameter regime vε <
v˜ where electron-plasmon scattering takes place one ob-
serves the coherent emission of plasmon waves with wave
vector q∗ of the resonant plasmonic mode [see Fig. (3)].
In the limit t → ∞ and for distances x − vεt  q−1c
sufficiently far away from the position of the high-energy
electron, we obtain the following analytic result:
%(x, t)→ Θ(vεt− x) sin[q∗(x− vεt)]Uq∗/U
′
q∗ (9)
As can be seen in Fig. (3), the coherent density excita-
tions build up within a ’light cone’ x ∈ [vF t, v˜t] [19] set
by the minimal and maximal plasmonic phase velocities.
The wavelength of the oscillations in the density %(x, t) is
tunable by the choice of an appropriate injection energy
ε of the high-energy fermion.
For velocities vε > v˜, no scattering between electrons
and plasmons is possible. In this case, the density %(x, t)
can be separated into two contributions. The first one
describes the initial excitation of plasmonic modes right
after the injection of the high-energy fermion. This
transient perturbation cannot follow the electron that is
faster than any plasmonic mode. The second contribu-
tion traveling together with the high-energy electron is
responsible for the screening of the injected charge and is
reminiscent of viewing the GF as an impurity problem.
Integrating over space then provides us with the screen-
ing charge ∆n, the charge displaced by the introduction
of the local scatterer. As mentioned before, it is directly
related to the exponent γε = ∆n
2 of the GF.
Conclusions. We have discussed electron-plasmon
scattering in systems of 1D chiral electrons. This scat-
tering leads to an exponential decay of the single-particle
Green’s function even at zero temperature and to a co-
herent monochromatic pattern in the fermionic density
in the wake of the electron. This effect is absent in
the low-energy limit and relies exclusively on the inter-
play between a finite interaction range and a non-linear
fermionic dispersion.
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